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In this paper the Dirac equation is analytically solved for Coulomb plus a novel angle-dependent
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1. Introduction

The subject of the noncentral potentials has been
studied in various fields of nuclear physics and quan-
tum chemistry which may be used to the interac-
tions between deformed pair of nuclei and ring-shaped
molecules like benzene [1-9]. There has been con-
tinues interest in the solutions of Schrodinger, Klein—
Gordon, and Dirac equations for some noncentral po-
tentials. These equations are solved by means of differ-
ent methods for exactly solvable potentials [10—35].
Yasuk et al. presented an alternative and simple method
for the exact solution of the Klein—-Gordon equation in
the presence of the noncentral equal scalar and vector
potentials by using the Nikiforov—Uvarov method [36].
A spherically harmonic oscillatory ring-shaped poten-
tial is proposed and its exactly complete solutions are
presented via the Nikiforov—Uvarov method by Zhang
et al. [37]. Bayrak et al. [38] and also, Chen et al. [39]
presented exact solutions of the Schrodinger equa-
tion with the Makarov potential by using the asymp-
totic iteration method and the partial wave method,
respectively. Souza Dutra and Hott solved the Dirac
equation by constructing the exact bound state solu-
tions for a mixing of vector and scalar generalized
Hartmann potentials [40]. Kandirmaz et al. by us-
ing the path integral method investigated the coherent

states for a particle in the noncentral Hartmann po-
tential [41]. Chen studied the Dirac equation with the
Hartmann potential [42]. The novel angle-dependent
(NAD) potential is introduced by Berkdemir [43,
44],
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therefore the potential is defined here as [40]

V(r0) =1 <A—V"(9)), 2

2\r r2

Vo(0)

; ey

where A = 2Za, o = €% is the fine structure con-

stant in units where 7 = ¢ = 1. In this article, we
solve the Dirac equation with this potential by us-
ing the Nikiforov—Uvarov method and present the ef-
fect of the angle-dependent part on the radial solu-
tions.

2. The Nikiforov—Uvarov Method

To solve second-order differential equations, the
Nikiforov—Uvarov method can be used with an appro-
priate coordinate transformation s = s(r) [45]:
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where o(s) and &(s) are polynomials, at most of
second-degree, and 7(s) is a first-degree polyno-
mial. The following equation is a general form of
the Schrodinger-like equation written for any poten-
tial [46]:

& a—ms d | 6P+ Es—&
ds? " s(1—aas) ds + [s(1—o3s)]? @
“Yn(s) =0.

According to the Nikiforov—Uvarov method, the eigen-
functions and eigenenergy function become, respec-
tively,
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In some problems oz = 0. For this type of problems it
is
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the solution given in (5) becomes [46]
Y(s) = s92eM35 L2107 (o 15). (11)
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3. Dirac Equation with Scalar and Vector
Potentials

The time-independent Dirac equation for massive
fermions with scalar potential S(7) and vector poten-
tial V(¥) is (with i=c = 1) [10]

[@-P+BM+SE)Y(F) = [E-V@AI¥F), 12

where E is the relativistic energy of the system and &
and f are the usual 4 x 4 Dirac matrices
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where G and [ are vector Pauli spin matrix and identity

matrix, respectively. Using the Pauli-Dirac representa-
tion as

» <p(?)>
Y(7) = )
) (ﬂﬂ
and substituting (13), (14) into (12), we obtain the fol-

lowing set of coupled equations for the spinor compo-
nents:
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(14)

1
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G-po(F)=E-V@) +M+SFH)]x (7). (15b)

When the scalar potential S(¥) is equal to the vector po-
tential V (7) (i.e. S(r) =V (r)), (15a) and (15b) become

& () = [E—~M—2V (Do), (160
1) = 0 () (16b)

Substituting (16b) into (16a), one can obtain the fol-
lowing Schrodinger-like equation:

[P* +2(M+E)V (7o) = [E*—M|o(F). (17

By using p = —iAV and substituting (2) into above
equation, we get
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Now let be

0(r0.0)= "D n(0)0(0).

Separating the variables in spherical coordinates, (18)
results in
d?u(r)
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where m? and A are separation constants. The solution
of (20c¢) is well known as

1.
Dy (9) = Eelm{

4. Solution of Dirac Equation with Coulomb plus
NAD Potential

m=0,%1,4+2,... 1)

4.1. Solution of the Angle-Dependent Equation

We are now going to derive eigenvalues and eigen-
functions of the polar part of the Dirac equation, i.e.
(20b) with the Nikiforov—Uvarov method. Using the
transformation s = sin? 6, (20b) becomes
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By comparing (22) with (4), we get
1
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From (24), (25) and (6), we obtain
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where 7i is a nonnegative integer. For the wave func-
tions of the polar part, from (7) and (8), one obtains
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Table 1. Bound state energy eigenvalues using (37) in units
of fm™! of the NAD potential with M = 5 fm~1.
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and from (5), we obtain
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where C,, is a normalization constant.

4.2. Solution of the Radial Equation

According to the hydrogen atom, for eigenvalues
and the corresponding eigenfunctions of the radial part,
i.e. solution of (20a), we have [10]

2
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where 2 = M? — E2.
For the effect of the angle-dependent part on radial
solutions, we substitute (26) into (30) and obtain
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the energy eigenvalues are obtained as follows [30,41]: 7 e VL, (2‘/;2” ) (35)
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where C,, is the normalization constant. From (16b)
and (14), the spinor wave function becomes

Finally, we can write

(34)

P
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At the end, when S(¥) = —V(7), one can find the lower
spinor component of the Dirac equation. To avoid repe-
tition, we use below transformations in (16a) and (16b)
as in [41]:

¢(r) = x(r),
X(r) - —(ZJ(r),
V(r)—=V(r),

(cos20) elmd.

(36)

E— —FE.

By using (32), the relativistic energy spectrum related
to the lower spinor component is obtained as



En,ﬂ,m =M

M. Hamzavi and A. A. Rajabi - Dirac Equation with Coulomb and Angle-Dependent Potential 537
2
2 2
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Some numerical results of (37) are presented in Ta-
ble 1. The parameters are taken as M = 5tm™ ',z =1,
anda=f=n=1.

5. Conclusion

We have studied the exact solutions of the Dirac
equation with the Coulomb plus a novel angle-depen-
dent potential using the Nikiforov—Uvarov method
when the scalar potential and the vector potential are
equal. The bound states energy eigenvalues and the
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